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Abstract. In this paper, we study the duals of some finite dimensional pointed 

Hopf algebras working over an algebraically closed field k of characteristic 0. 

In particular, we study pointed Hopf algebras with coradical k[T] for T a finite 

abelian group, and with associated graded Hopf algebra of the form B(V)#k\T] 

where B(V) is the Nichols algebra of V = ffiiV^ 1 6 ^[pj3^-D- As a corollary 

to a general theorem on duals of coradically graded Hopf algebras, we have 

that the dual of B{V)#k{T] is B(W)#k[t] where W = ffiiW^j yD. 

1 k[r\ 

This description of the dual is used to explicitly describe the Drinfel'd dou- 
ble of B{V)H=k\T\. We also show that the dual of a nontrivial lifting A of 
B(V)#k[F] which is not itself a Radford biproduct, is never pointed. For V 
a quantum linear space of dimension 1 or 2, we describe the duals of some 
liftings of £>(V)#fc[r]. We conclude with some examples where we determine 
all the irreducible finite-dimensional representations of a lifting of S(V)#fc[r] 
by computing the matrix coalgebras in the coradical of the dual. 



1. Introduction and Preliminaries 

Unless otherwise specified, we work over k, an algebraically closed field of charac- 
teristic 0. The object of this paper is to find the structure of dual Hopf algebras to 
some finite dimensional pointed Hopf algebras with coradical k\T], with T a finite 
abelian group. A method for classifying pointed Hopf algebras has been proposed 
by N. Andruskiewitsch and H.-J. Schneider; an up-to-date survey of this project 
may be found in [4]. Roughly, this approach to studying pointed Hopf algebras is 
based on the following observations. 

Let A be a Hopf algebra such that the coradical Ao is a Hopf subalgebra of A so 
that the coradical filtration of A is a Hopf algebra filtration. Let H = grA be the 
associated (coradically) graded Hopf algebra [34j Chapter XI], i.e., H = ® n >oH(n) 
with H(0) — Ao and H(n) = A n /A n -i for n > 1. (Recall from [T3] that a graded 
coalgebra C = ®^ Q C(i) is coradically graded if C(0) = C and d = C(0) C(l), 
where C m denotes the coradical filtration and also if Co is one-dimensional then C 
is called strictly graded.) Then n, the Hopf algebra projection of H onto H = A 
[26l 5.4.2] splits the inclusion i : Hq — * H and thus H = 1Z#Hq, the Radford 
biproduct of K and H , where K = H colT = {x e H : {id® tt)A(x) = x ® 1} is the 
set of 7r-coinvariants. 1Z is a Hopf algebra in ^°yD, the category of Yetter-Drinfel'd 
modules over Ho- In particular, if Ho = k\T], for T a finite abelian group, as will 
be the case in the examples of interest in this paper, then k ^yD is the set of left 
/c[r]-modules with a T-grading such that the T-action preserves the grading. 



Research partially supported by NSERC. 

1 



2 



M. BEATTIE 



Also TZ inherits a grading from H, i.e. TZ is graded by lZ(n) = TZ (1 H(n) with 
TZ(0) = k ■ 1, and TZ(1) = P(TZ), the space of primitive elements of TZ. If V — TZ(1) 
generates TZ as a Hopf algebra, then TZ = B(V), the Nichols algebra of V. In any 
case B(V) C 7?.. Much more detail about Nichols algebras can be found in [18] 
or in the original source material [29] . An excellent comprehensive survey of this 
approach with all the definitions and a compendium of results from various papers 
in the most generality may be found in [4] . 

Now, to construct a finite dimensional pointed Hopf algebra with coradical k\T], the 
idea is to first find V yD with B(V) finite dimensional, and form the coradi- 
cally graded Hopf algebra H = B(V)#k[T]. This construction is called bosonization 
or the Radford biproduct. A Hopf algebra A such that grA = H is called a lifting 
of H and if A 9= grA, then A is a nontrivial lifting of H . If V is a quantum linear 
space, or is of Cartan type A n or of Cartan type B 2 , the liftings of B(V)#k[T] 
have been computed in [5], [9]> [BJ, @],[I], [10]) respectively. We will study duals of 
liftings of some quantum linear spaces. 

We abbreviate ^|p]3^-D to £ yD for the category of Yetter-Drinfel'd modules over 

k[T]. For V Gp we write V g x with ,g G T, x e f for the set of v e V with the 
action of T on u given by h — ► u = x(/i)w and the coaction by <5(v) = g (3 v. If T is 
an abelian group, and V Gp J 7 !) then F = ge r V g x [H Section 2]. If V = ©* = ifc«i 

with € V^ 4 then the braid matrix S of V is (6^) = (Xj(<?i))- 

Under our assumptions on A: and assuming T is finite abelian, we identify k[T]* with 
the Hopf algebra k[T] where T is the character group of T. Let ip : k[T]* — > fc[r] 
be the isomorphism between these Hopf algebras. For g £ T, the element g** £ 
Alg(k[T], k) is defined by g**(x) — x(g)- We usually simply write g for a character 
of f instead of g**. 

Unless otherwise noted, T will denote a finite abelian group. 

For A a Hopf algebra with g,h £ G(A), the group of grouplike elements of A, then 
P{A)g : h — {x £ A\Ax — x<E)g + h(g>x}, the (<?, /i)-primitives of A. For each g, h, we 
write P'{A) g , h for a subspace of P(A) fl)h such that P(A) g<h = k(g - h) © 
[261 §5.4]. 

We use the Sweedler summation notation throughout. S will denote the composi- 
tion inverse to the antipode S. 

Throughout, we write Ij for the j x j identity matrix. Also we use the notation 
M c (r, k) for anrxr matrix coalgebra over k and we call a basis e(i,j), 1 < i,j < r, 
a matrix coalgebra basis if A(e(i, j)) = 53fc=i e (*' ^) ® e (^ii)j an( i e ( e (hj)) = 

Our specific constructions and examples will focus on the case of V a quantum 
linear space. 

Definition 1.1. V — ®' =1 fcfi £ with Vi £ V g x * is called a quantum linear 

space if Xi(9j)Xj(9i) = 1 f or * 7^ J; *- e - * n ^ e matrix B, bijbji — 1 /or i ^ j. 

Recall that for V a quantum linear space as above, B(V)#fc[r] is the Hopf algebra 
generated by the (1, #j)-primitives Uj#l (usually written just Vi) and the grouplike 
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elements h € T. Multiplication is given by hv% = Xi(h)vih and ViVj = Xj(9i) v j v i- 
Also if Xi(ffi) is a primitive r^th root of unity, v^' — 0, and then dim B(V) = n* =1 ri. 

Proposition 1.2. (see [5] or ^\) For V a quantum linear space with Xi{di) a 
primitive rrfh root of unity, all liftings A of B(V)ffk[T] are Hopf algebras generated 
by the grouplikes and by (1, <?.;) -primitives Xi, 1 < i < t where 

hxi = Xi(h)xih; 

= Xj{9i)XjXi + a t j(gigj - 1). 

We may assume an € {0, 1} and then we must have that 

(1.1) a it = i/gp = 1 or x\' * and a, 3 = if g t gj = 1 or XiXj ^ £■ 

./Vote £/ia£ ct^ = —Xj(9i)~ la ij — ~Xi(9j) a ij ■ Thus the lifting A is described by a 
matrix A = (p-ij) with 0's or l's down the diagonal and with otji — —Xi(9j) a ij f or 
i ^ j. We associate A = (0) with B(V)#k[T]. □ 

2. The dual of a Radford biproduct. 

The first theorem in this section is in the form suggested by N. Andruskiewitsch 
who points out that the ideas for this proof are already in the literature although 
the statement does not appear explicitly. (See [7], [3], [29].) The theorem in the 
original version of this paper corresponded to Corollary [2T3] and follows directly from 
this more general formulation. In fact it is shown in [3l 3.2.30] that for V € ^ yT> 
with B(V) finite dimensional, then B(*V) ^ (*B(V)) opcop in the category ^yV. 
Note that the categories ^yT> and ^j,yT> are equivalent for if finite dimensional 
with bijective antipode by [3l 2.2.1]. The results of Corollarv l2 . 31 give a special case. 

For k any field, let if be a graded Hopf algebra, if = (B n >oH n with finite di- 
mensional components if™. Let L = ©„>o(if")*, with the "dual" Hopf algebra 
structure. Assume that Ho — if , i.e., if is cosemisimple. (Note that without 
restriction on k this does not imply that L° is cosemisimple.) Let ir : if — > if , 
p : if — > if 1 , a : L — > L° be the homogeneous projections. Then, as discussed in 
Section □ if ~ ft#ff°, and L ~ 5#L° where K = ff C07r and 5 = L coa . 

Lemma 2.1. For k any field and H,L as above, the following are equivalent: 

(i) H is coradically graded. 

(ii) L is generated as an algebra by L and L 1 . 

Proof. Suppose (i) holds. By [131 2.2], if is coradically graded if and only if Hi = 
H° +H . Now consider the map <f) from H 2 to if" 1 ®-/? 1 defined by := p®poA. If 
4>(a) = 0, then A (a) £ H° ® if 2 + if 2 ® if , and then since H° = H , a e Hi, which 
is impossible unless a = since ffi nif 2 = 0. Thus is injective. By induction (or 
see the proof of Lemma 5.5]), the map (p®p® . . . ®p) o A™ -1 from if", the nth 
homogeneous component of if, to if 1 ® . . . ® if 1 is injective for n > 2. Clearly this 
is equivalent to the surjectivity of the multiplication map from L 1 ® L 1 ® . . . ® L 1 
to L". 
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Conversely, if the multiplication map from L 1 <g> L 1 ® . . . (g> L 1 to L™ is surjective, so 
that the map (p®p®...®p)o A 11-1 from H n to H 1 (g) • • • <8 -ff 1 is injective, then 
since {p®p® . . . ®p) o A™ -1 acting on Hi is zero for any n > 1, then ifi n if" = 
for all n > 2. Thus, the containment H 1 + H° C Hi is an equality, and H is 
coradically graded. □ 

From the lemma above, we immediately obtain: 

Theorem 2.2. Let k be any field and let H and L be as above, with the additional 
assumption that H° — Hq is cosemisimple and also semisimple, so that Lq is also. 
The following are equivalent: 

(i) H is coradically graded and is generated as an algebra by H° and H . 

(ii) L is coradically graded and is generated as an algebra by L° and L 1 . 

A Hopf algebra H satisfying the conditions of Theorem 12.21 is called a "bialgebra 
of type one" in the original terminology of Nichols' [29]. Then, as briefly outlined 
in Section [1] and explained in detail in [5l Lemmas 2.4, 2.5] or in the survey [H 
Section 2], H ~ B(V)#H°, where V = TZ{1) = P(TZ), the space of primitives of 
K = B(V), and L ~ B{W)#L°, where W = 5(1) = P(S). Here K = B(V) and S = 
B(W) are Nichols algebras; in particular, they are strictly graded coradically graded 
Hopf algebras in the categories g°yD and i^yD respectively and are generated as 
algebras by their 1-graded component. 

There is a relation between the Yetter-Drinfeld module structures on V and W 
above. Observe that the pairing H 1 x L 1 — ► k gives rise to a pairing ( , ) : V#H° x 
WffL — * k, which is explicitly (v#x,w#y) = (v,w)(x,y) (by the definition of 
1Z and S). Next, if 6 : W — > L a eg) W is the coaction, consider the right action 
J —: W ® H° — > W, w ^— a := (a ® Id)5(w). Then since, by the definition of 
W C S — L coa , for w eW, we have J2 w (i) ® w (2) ® f(^(3)) = 2 ® w (2) ® 1; 
and then 

(2.2) (ad(a)v, w) = (v,w ^- a), a e H°, 

where ad{a)v denotes the adjoint action, i.e. ad{a)v = ^aivS(a2). Interchanging 
roles, we obtain the relation between the coaction of V and the action of W . 

Now we resume our assumption that k is algebraically closed and of 
characteristic 0, and L is a finite abelian group. Let V € ^yD with basis 
{vi, . . . ,v t } where Vi € V^ l ,gi S T,Xi £ P. Suppose B(V), the Nichols algebra, is 
a finite dimensional Hopf algebra in ^yD- Assume Xi(9i) is a primitive r^th root 
of unity for some integer rj > 1, and then up = in B(V). 

Corollary 2.3. Let H = B(V)#k[T] for k, V, T as above. Then H* = B(W)#k[f] 
where W = ©,■_■, kw l G? yD and w; £ . 

Proof. Let u>i G be defined by (vj,Wi) — S^j. Suppose S(wj) — Y^k=i fjk <8> 
Wk € fc[L] (g) W. Then for the right action of L on described above, Wj '— 
h = Sfe=i Vjkitywk and so by (|2.2p . (pjk(h) = (vk,Wj ^— h) = (ad(h)vk,Wj) = 
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SkjXk(h). Thus 5(wj) — Xj® w j- A similar argument shows that for \ £ f, X' w i — 

x(gi)wi- □ 

Recall from Section 1, that a pointed Hopf algebra A is called a lifting of B(V)ffk[T] 
if grA, the associated graded Hopf algebra, is isomorphic to B(V)#k[T]. The lifting 
is nontrivial if A ^ grA. Now we show that, although the dual of H — B(V)ffk[T] 
is pointed, the dual of a nontrivial lifting A of H is not pointed if the coalgebra 
projection ir from A to Aq is not an algebra map. This result has been shown for 
various particular cases in the literature, for example, [321 p. 315], [171 Theorem 
2.5], [151 Cor.5.3]. 

Proposition 2.4. Let A be a nontrivial lifting of H = B(V)#k\T] such that ir : 
A — > Aq is not an algebra map. Then G(A*), the group of grouplikes of A* , is 
isomorphic to a proper subgroup of T and A* is not pointed. 

Proof. As above, since A is a lifting of H, A is generated as an algebra by (1, <?i)- 
primitives X{ with xi € P^ and the elements of T. The Xi are the liftings of 
the G B(V)#fc[T]. Also gixi = Xi{9i)Xi9i and since Xi(Si) ^ 1, all grouplike 

elements of A* map the Xi to 0. Thus grouplike elements of A* are nonzero only 
on Aq — k[T] and so all grouplikes are of the form 7 • ir where 7 G T. 

However not every 7 G T is grouplike in ^4*. Since 7r is not an algebra map, there 
exist x,y € A such that 7r(a;)7r(y) ^ Tr(xy) in fc[r]. But then there must exist 
7 6 T such that 7(7r(a;)7r(y)) = jir(x)jir(y) ^ jTr(xy), for otherwise (p(Tr(x)iv(y)) = 
(p(n(xy)) for all tp G fepT]*. Then 77r is not an algebra map from A to k and 
7 ^ G(A*). Thus G(A*) is a proper subgroup of f . 

Let Jac(-) denote the Jacobson radical. Since Jac(k[T]) — and k[T] is commuta- 
tive, we have that k[T] n Jac(A) = 0. For if z G k[T] D Jac(A), then z is nilpotent 
by a theorem of Amitsur [22j 4.20] and so lies in Jac(k[T]). Thus dim Jac(A) < 
(dimA) — |r| as /c-spaces, and by [26, 5.1.7], dimcorad(A*) = dim(A) — dim 
(Jac(A)) > |T|. Thus A* cannot be pointed. □ 

Thus the coradical of the dual of a nontrivial lifting of a quantum linear space 
contains nontrivial matrix coalgebras. In the next sections, we will discuss the 
number and dimensions of these matrix coalgebras for some particular examples. 

We now use Corollary 12.31 to compute the Drinfel'd double D(H) for a finite di- 
mensional Hopf algebra H = B(V)#k\T]. Suppose, as above, that V = ®\ = \kvi 
where Vi G V^*\ Also, as above, define Wi G W& C H* by (vj,Wi) = Sij. Then 
Wi(hvi) = Xi(h) and w, G P(H*) e>Xi . Define w- = xj 1 * Wi = 0-#Xi~ 1 )( w i# e ) in 
H* . Then w'^z) = Xi\9i) f° r z m H{1) of the form hvi and otherwise. In H*, 
w 'i 1S {x^^h) -primitive. Let W — ®\ =1 kw[. 

As usual, the left (right) action of H on H* is denoted h — h* (h* h) where 
h -± h*(z) = h*{zh) (h* <- h(z) = h*{hz)). 

Theorem 2.5. Let H = B(V)#k[T], with V = ®\ =l k Vi and v l G V g f . Let D(H) 

be the Drinfel'd double of H . Then gr(D(H)) ~ B(U)#k[f x T] w/iere U G?*£ 

?s t/ie direct sum of W and V with appropriate actions and coactions, i.e. U = 
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©f^felfi where u. t G U 3 **^ for i — 1, . . . ,t and m, G U^ g * Xi for i = t + 1, . . . , 2i. 
Also D(H) ^ gr{D(H)). 

Proof. In H* cop , the element w[ is (e#, %7 ^-primitive and ^w'^ 1 — g**(7)w^ for 
7 G G{H* cop ) so that it;- G P{H* cop ) 9 ^_ 1 . Thus by an argument similar to that in 

CorollaryES! H* cop S 6(VF')#fc[f]. Since, as coalgebras, D(H) = H* cop <g) by 
[2T>1 5.1.10] or [32], D(H) is pointed with group of grouplikes fxT. 

In D(H) = H* cop x if, the elements e M Vi with Vi £ V are (ex 1, e x ^-primitive 
and the ioJmI with w- G W' are (e n 1, xi 1 » l)-primitive. For 7 x ft- G G{D(H)) 1 
using the formula for multiplication in D(H) given in [26] 10.3.11 (1)] from [32] , 
we compute 

(7 x h)(e x Wi)(7 _1 x far 1 ) = (7 x hvi)^/^ 1 X /i -1 ) 

= £ 7 [(^)i ^ 7 _1 ^ 3((/iv 4 ) 3 )] x (ft^ft" 1 

where the left and right actions of H on H* are the usual ones. Now, A 2 (hvi) = 
hvi (g) h ® ft + ft<?i <S> ft«i (8 ft + ft<?i S? 1 /iffi <8> ftwi and S(hvi) = S 2ri ~ 1 (hvi) — 
—Xi(9ih)(gih) Vi. Since hvi — 1 r y~ 1 and 7 -1 Ivi are for any ft, I G T, then 

^2 7[(ft«i)i 7 _1 ^ 5((ft«i) 3 )] x {hv i ) 2 hr 1 = j[hgi 7 _1 ^- /tT 1 ] X ZiUift, -1 
= 7 _1 (9i)e x Xi(ftH = (sr 1 8x.)(l®'')f«''r 

Thene x v t G P{D{H))%™ Xl where 3j 1 means the usual identification of Ai^(r, fc) 

with T. Similarly, we see that w' \x 1 H £ PIDiH)) 9 ^** 1 . Thus U = W ®V et xr 

z Xi rxr 

yD with actions and coactions as in the statement of the theorem. 

Now, grD(H) £* K#k[t xT] as Hopf algebras. Then B(W'<3)V) CTZ. If 1 <i,j < t, 
in the braid matrix for W ffi V, &i,t+j =< x Xj,xr ^ 1 >= Xiidj) an d 
6 i+j)i =< g t x xr X > e H x 9j >= Xi{9j)~ l - Thus by [TBI Theorem 2.2], dim£(Fy' © 
V) = dim6(VF')dime(T/) = dimft. Thus grD(H) = B(W'®V)#k\T x T]. 

To show that D(H) 9= grD(H), we compute the products of the and to'-. By 
[26] 5.1.10], (ch x v i )(w' j x = ^ ^- S(^ 3 ) x v l2 = v t -± w'j x 

1 + gi — 1 w^- x Uj + g.i — 1 -u^ S'(wi) n gj. However — »■ it)^ and w'j S(vi) are 
if i 7^ j and then = xj 1 {gi) w j v i- If * = j, then — v w[ = Xi(gi)~ le an< i 
g t w[ <— S(vi) = -Xi(gi)~ 1 Xi, so that 

Viw'i = Xiidiy^iVi + Xiidi)' 1 ^ n 1 - Xi x g^. 
Thus 7r is not an algebra map and D(H) ^ B(U)#k\T x T] as algebras. □ 

Note that by adjusting the skew-primitives by a scalar in the above theorem, we 
may assume that ut+jUj = xj 1 (gj) u j u t+j + (xj 1 M 9j ~ 6 N !)■ Recall from 
[32] that D(H) is always minimal quasitriangular and that the dual D(H)* is also 
quasitriangular if and only if H and H* are quasi-triangular. 
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For V a quantum linear space, the question of when Hopf algebras B(V)#k[T] , 
their liftings and their doubles are quasi-triangular or ribbon has been considered 

in EB, [S3], El, 130], [13, EH- 

Example 2.6. If V is a quantum linear space, then note that for V, W Gp X p yD 
as in Theorem 12.51 U = W V €? X p yD is also a quantum linear space. Thus 
if H = B(V)#k\T], A = D(H) is the nontrivial lifting of B(W © V)#k\£ x T] 

1 where D is the t x t diagonal matrix with 



with lifting matrix A 



It 



da = -Xi(ffi)- 1=1 

The quasi-triangularity of D(H) can be used to prove the quasi-triangularity of 
some Radford biproducts. 

Example 2.7. Let V,W',U,H,A = £>(#) be as in Example I2H1 Furthermore, 
let Xiidi) = ~ 1 for all 1 < i < t. Let J be the Hopf ideal of A generated by the 
skew-primitives y^ 1 x <?, — e x 1 where 1 < i < t. Let T' = (F x T)/A where A 
is the subgroup generated by the ~x~ x x <7i. Then U has a natural T' grading and 
also a T'-action since because Xi(9i) 2 = 1 = Xi(9j)Xj(9i) then < 9j n Xj^Xi 1 M 
Qi >=< gj x xj iXi N 9i >= 1 f° r au 1 < *, J < t. In fact, it is easy to see that 
A/ J = B(U)#k[T'] where U has this T'-action and grading. Thus this biproduct 
is minimal quasi triangular since A is. The i?-matrices on L = B(U)#k\T'] are 
discussed in [28], as well as the existence of ribbon elements for L and D(L). □ 

If T = C 2 , then B(U)#k[T'} = E(2t) and this Hopf algebra has been studied by 
many authors. 

Example 2.8. Let U be the quantum linear space U = ©f^ifefj S^ X p yD with 
r =< g >= C* 2 and f =< x >— C2 with <E for 1 < i < t, Vj € for 

t + 1 < j < 2t. Let A be the nontrivial lifting of B(U)#k[T x F] with commutation 
I t 
It 

have A = D(B(V)#h[T]) = D(E(t)) in the notation of [30]. Also it is shown in 
[50] that A = D(E(t)) has quasi- ribbon elements if and only if t is even, in which 
case it has 4 quasi-ribbon elements, two of which are ribbon. And, since it is well- 
known that E(t) is quasitriangular and by [S] or by Corollary |2.31 E(t) is self-dual, 
then A* = D(E(t))* is also quasitriangular, but is not pointed by Proposition 12.41 
If t = 1, then A is the Drinfel'd double of the Sweedler Hopf algebra. This 16 
dimensional pointed Hopf algebra is discussed in [5] Section 2, Case 2] and in [TTJ 
p. 562] as H(5), and in [33] p. 315], where the fact that A* is not pointed is proved 
directly. The dual of D(E(1)) will be computed in Section 4. □ 



matrix 



Then A is minimal quasitriangular since for V = ©| =1 fcVi, we 



Remark 2.9. N. Andruskiewitsch has also pointed out that Theorem 12.51 has an 
antecedent in Drinfel'd's paper [T3] where U q {g) was introduced as a quotient of 
the quantum double of U q (b), and that this material is strongly tied to the con- 
struction in [23] where Lusztig defines U q (g) via what are now known as Nichols 
algebras. Theorem 12.51 can also be obtained as a corollary to a construction of a 
(possibly infinite) Hopf algebra V(V) using the notation and arguments of [23"] . 
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Here is an outline of the proof. For V, W, T, T as above, define a bilinear form 
from (B(W)#k[f]) x (J3(V)#k[T]) to k by (£#z|x#.g) = (£,x)(z,g). Following [H 
7.2.6], form the graded double T>(V). Identify V (respectively W) with subspaces 
of T>(V) and determine the commutation relations for ViWj, gwj, jv^, and 57 where 
g £ r, 7 6 r as was done in the proof of Theorcm l2.5l Then T>(V) is isomorphic to 
T(W<£) k[T] £g> V £3> k [r] )/ J for the two-sided ideal generated by the commutation 
relations. 

As well, the coradical filtration of T>(V) is given by 
V(V) =k[txf} ] 

V{V)i = V(V) + (W#k[T}) m k[T] + fc[f] x (V#k[T}); 

V(V) n = (D(V)i) n for n > 1. □ 

3. Duals of liftings of quantum linear spaces 

Throughout this section let V — S>l =1 kvi Gp yD be a quantum linear space. We 
study duals of Hopf algebras A where A is a nontrivial lifting of B(V)#k[T] with 
matrix A as in Proposition 11.21 For vi £ V£*, suppose Xi(9i) is a primitive rj-th 
root of unity. Let Xi £ Abe the lifting of to A, i.e. in A, Xj is (1, g,)-primitive 
and hxi = Xi(h)xih for all h £ T. Then A has a vector space basis /iz with h £ T 
and z G Z = {x™ 1 . . . x? * |0 < m* < r 4 - 1}. 

For 7 6 T, define w(j, x'™ 1 . . . a;™') G A* to be the map which takes /ix™ 1 . . . x™' 
to 7(/i) and all other basis elements to 0, so that W = {w(j,z)\-f £ T, z £ Z} is 
a vector space basis for A*. As in Section 2, we denote w{xii x i) by Wi and also 
10(7, 1) is usually just written 7. 

Lemma 3.1. Let A be a lifting of B(V)#k\T] with V a quantum linear space. Let 
7, A £ T, < mi < Ti — 1 and 1 <i < j <t. 

(i) Then 

10(7, at™') * u>(A, a;™' ) = (7xr m, )(s7 3 M7A,x™*2;™ 3 ); 
u;(A,x™ 3 ) *u;(7,x™*) = A( 3 ™*)w(7A, x™ l x™ J ). 
In particular, WiWj = w{xiXji — Xi{.9j) w j w i f or i < j- 
ii) 

7 * w(X, xf 1 . . . xT) = 7(3i M ■ ■ ■ 2 t m >(A7, xf 1 . . . ^); 
w(A, x™ 1 . . . x™') * 7 = w( 7 A, x™ 1 . . . x™*). 
In particular 7 * = "f(g i )w l * 7 = 7(g;) u '(Xi7, 

For < m; < r$ — 1 we have that 

w(X, Xi ) * w(n,x?<) = A( 9 r 4 )(9 mi + + 
where q — X^Si)" 1 1 a primitive Tith root of 1. 

The multiplication formulas above show that 7 £ T and the elements Wi generate 
A* as an algebra with 7 * Wi = "f(gi)wi * 7, Wi * Wj — Xi(9j) w j * w i f or * 7^ i; 
< 4 =0. 



■ ..iMA 7 ,C +1 ) 
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Proof. We prove i) . The proofs of ii) and iii) are similar and straightforward. The 
map 10(7, x™ i ) ® w(\, x™ 3 ) is nonzero only on elements of A® A of the form ® 
Ix™ 3 . Thus the only basis element on which ^(7, x™ ; ) * w(\,xj' 3 ) or w(\,xj' 3 ) * 
w {li x T* ) i s nonzero is hx^'x™ 3 . Then we have that 



(7Xr mi )(5r)7A(/ i ). 



Also 



= (A 7 )(/0W). 

which proves i). □ 

Proposition 3.2. Lef V = ®* =1 fct>i &e a quantum linear space, and let A be a 
lifting of B(V)#k[T] uraift matrix A such that for i ^ j, if ctij ^ 7 then \% = Xj 
so that Xi = Xj — e an d r i = r j = 2- We make the following definitions: 

O: is the subgroup ofT generated by the Xi, 1 < i < t," 

f2: is t/ie subgroup of T defined by ft — {7 G T : 7(07^(5*** — 1)) = = 

7(<*i,j(9i9j ~ !)) V l<i,j <t,i^ .?}; 
T': is ffte subgroup ofT generated by {s^lav 7^ 0} U {ffiSjla^j 7^ 0}. 

Lef T = T/r' a«<i «oie i/iai r = O. for jeT, j mZZ denote its image in T. For 
7 G T, 7 will denote its image inT/Q. Then 

(1) is a subgroup of £1 and ft is the group of grouplikes in A*. 

(2) There exist subHopf algebras of A* isomorphic to B(W)#k[0] and B{W)fj=k[fl] 
where W = ®\ =1 kwi with Wi G W£* . Denote by C(l) the pointed subHopf 
algebra isomorphic to B(W)#k[&] and by B the subHopf algebra isomorphic 
to B{W)fk[fl\. 

(3) For 7 G r, let C( 7 ) = 7 C(1) — C(l)j for any 7 G 7. C( 7 ) is a subcoalgebra 
of A* and as a coalgebra, A* = ®^ e f/ e C(j). If j G ft, then C( 7 ) = C(T) 
as a coalgebra and B = (By^n/eCft) as a coalgebra. Thus coradA* = 
k[fi]®®- et/@ (coradC(^)). 

(4) For all 7, A G f/0, C( 7 )C(A) - C( 7 A) and a/so S(C( 7 )) = C( 7 - 1 ). 



Proof. (1) Clearly 7 G f is grouplikc in A* if and only if 7 G ft. Now, if a^j 7^ 
then x? = e and thus for j 7^ i, Xj(flf) = X?^ 1 ) = 1 so Xj (<*»,» (S? - 1)) = 
for all i. Also, if a itj ^ 0, then for k ^ Xfc(ffiSj) = {XiXj)(9k) = 1- As well, 
Xi(9i9j) = Xi(9i)Xi{9j) = Xiig^Xj 1 (9i) = {XiXj){9i) = 1 since we are assuming 
here that Xj = e - 

(2) Let V — @\ = ikvi G^ J^D with <J(W) = <7i <8> W, h^>Vi = h^>Vi = Xi(^)W where 
/i, denote the images of 5, /i in I\ The action of T on V is well-defined by the 
arguments in (1). There is an exact sequence of Hopf algebras, 
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1 ^ fc[r'] >■ A B(V)#k[T] 1 

where <p is defined by ^(hx^x^ 2 ■ ■ -x^) = hvf 1 vt' 2 ■ ■ ■ W kt ■ By Corollary [23] the 
dual of B(F)#fc|fJ is B(W)#k[Ci\ where W = ®U 1 kw l with id, G Wf. and so 
B(W)#k{Q] is isomorphic to a pointed sub Hopf algebra of A*. We denote this 
subHopf algebra by B and note that C(l) = B(W)#k{@) is a subHopf algebra of 
B. 

(3) Since fc[9] C C(l), a subHopf algebra of ^4*, C(t") is well-defined and Lemma l3~T1 
implies jC(l) — C(l)j. If 7 is grouplike, then the map z — > 72 from C(l) to 7C(1) 
is a coalgebra isomorphism. If 7 ^ f2, then A (7) =7(8)7+2(7) € A*(£>A*. Here 2(7) 
is a sum of terms of the form £w(A, a:™ 1 . . . a;™*) (g> u>(A', a;™ 1 . . . a;™') where we have 
£X(h)\'(l) = ~/{hx^ ...x^lx™ 1 ...x™*) = A"(/) 7 (Wx™ 1 ...x^x™ 1 ...x?*) where 
A" G 6. Since this holds for all h,l we must have £ = 7 (a;™ 1 . . .x^x™ 1 . ..x™*) 
and A = 7, A' = 7A" with A" G 6. Thus w(A,x™ x <g> w{\' . . . x™* ) G 
C(l)7 ® C(l)7 and C(t") is a coalgebra as required. Clearly C(l)7 has k basis 
W 7 = {w(7%, z)\x <E Q,z <E Z} so that A* = ©_ e p^ C(7") as required. 

(4) Since C(T) is a subHopf algebra, 

C(7)C(A) = 7C(T)C(T)A = 7 C(T)A = ( 7 A)C(T) = C(tA). 
If 7 G T, since <SU*(7) = (Sa)*(7) = 7 _1 , the last statement is clear. 

□ 

We describe A* when dim V = 1. It is shown in [311 2.3] using the algebra structure 
of A that for T =< g > cyclic of order np and V = kv — V* where x generates 
f, then for A the unique nontrivial lifting of B(V)#k[T], the dual A* contains 
p — 1 matrix coalgebras of dimension n 2 . Also it is shown in [T7] that A* contains 
a nontrivial matrix subcoalgebra. We generalize this description to T any finite 
abelian group and explicitly calculate the matrix coalgebras. 

Theorem 3.3. Let V = kv G ^yD with v G V* and x(g) a primitive rth root of 
unity. Suppose x r = £,fj r 7^ 1 an d A is the (only) nontrivial lifting of B(V)#k\T], 
Then as a coalgebra, A* = ®^ e fy@C(7) where C(j) = A4 c (r,k) if 7 g" CI and 
C(7) C(T) = 6(H r )#fc[6] as coalgebras with W = k ■ w,w G W\ if 7 G O. Ttes 
corad (A*) is the sum of the group algebra k[Q] and m rxr matrix coalgebras where 
mr = |r| — |0|. As an algebra A* is generated by T and w where 7 * w — "l{g)w * 7 
for 7 G r and u> r = 0. 

Proof. Let 7 G T— 57 and we show that C (7) is an r x r matrix coalgebra by explicitly 
exhibiting a matrix coalgebra basis. For 1 < i,j < r, define e(i, j) = u>(7X l , x l ~^) 
if i > j and e(i,j) — ^(iX 1 if z < j where 77 = 7(<7 r — 1) 7^ 0. Then we 

claim that A(e(j,k)) — [rri%)(e(j, k)) is e ih s ) ® e(s,k). First we note that 
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for j > fc, 

fc-i 

s=l 

j 

s—k 

r 

+ ilw{ r )X i ~ 1 ,x r+: '~ s )®w{HX S ~ 1 ,x S ~ k )- 

s=j+l 

Now in the first sum, s < k < j and so we have e(j, s) — w^x 3 i x^~ s ) and 
e(s, k) = ?7'w(7X ;5_1 : x r+s ~ k ), and the sum is X) s =i e 0> s ) ® e ( s > The others are 
similar and we conclude that A(iu(7x J ' -1 , z-?- fc )) = A(e(j,fc)) = EI=i e 0'. s )® 
e(s, fc). 

Similarly, if j < k, 

j 

Arjw( 1 x J '\x r+: >- k ) = T 1 \^w{ 1X 3 ~ 1 ,x 3 - s )®w{ 1 x s ' 1 ,x r+s - k )] 

s=l 
fc-1 

s=j+l 
r 

+ ?? [^( 7X ^ 1 ,^+^)® W ( 7X s - 1 , 2 : s - fe )]. 
s—k 

Note that the middle sum is empty if j + 1 = k. It is easily verified that this sum 
is ^g =1 e(j, s) <g) e(s, fc). The last statement follows from Lemma [3~T1 □ 

Remark 3.4. For A, V, T, g, x as in Theorem ] 3. 31 Jac(A) is the ideal I generated 
by (1 + g r + . . . + g^-V^x where s is the order of g r . For I is clearly contained 
in Jac(A) since I is a nil ideal and dim/ = |T/ < g r > |(r — 1) = \£l\(r — 1), while 
dimcorad(A*) = \ft\+r(\T\-\n\) = 6imA-\ft\(r-l). □ 

Corollary 3.5. Let A be a lifting of B(V)#k[T] where V — ®\ =l kvi is a quantum 
linear space and Xi is the lifting of i>i#l to A. Suppose that the matrix A has 
ai.i = 1 and has all other entries 0, i.e. XiXj — Xj{9i) x j x ii f or 1 < hi < t> 
and x r - 3 — for j — 2, . . . ,t while x^ 1 = g^ 1 — 1. Then A* has coradical C = 

fc[0]ee_ ef/e 7W c (ri,fc). 

Proof. Let / be the Hopf ideal of A generated by the skew-primitives x 2 , . . . , x t ■ 
Then there is a Hopf algebra map from A onto A\ = A/ 1, and Ax is isomorphic 
to the lifting of B(kvi)#k\T] considered in Theorem 13.31 Thus A* has a sub Hopf 
algebra isomorphic to A\ and by Theorem 13.31 the coradical of A\ is isomorphic 
to C. Now, J&c(A) contains the nil ideals Ni =< x%, . . . , xt > and N% =< (1 + 
g^ 1 + . . . + gj™ 1 Tl )xi > where miri is the order of g\. Thus dim Jac(A) > 
\T\n (ra • . . n - 1) + |fi|(n - l)r 2 . . . r t - |0|(n - l)(r 2 . . . r t - 1) = |r|n (r 2 . . . r* - 
l) + |f2j(ri — 1), i.e. Jac(A) has dimension greater than or equal to dimTVi+diniA^ — 



12 



M. BEATTIE 



dim(7Vi n iV 2 ). Thus dim(coradA*) < \T\nr 2 ...r t - \T\ri (r 2 . . . r t - 1) - \fl\{n - 1) 

= |r|n-|n|(n-i) = |n| + (|r|-|n|)n = dimc. □ 

Now we consider quantum linear spaces of dimension 2. The next result is proved 
in [31] for the group F cyclic but without our restrictions on r. The approach is 
rather different. 

Theorem 3.6. Let V = kvi © kv 2 be a quantum linear space with v\ G V* and 
V2 € V*n and such that 

i) x(ff) a- n d X m (<?™) are primitive rth roots of unity for r an odd squarefree integer. 

ii) x an d X™ have order r in the group T, i.e. (m,r) = 1 = (n,r). 
Hi) g r ^ 1 and g nr ^ 1. 

Let A be the lifting of B(V)#k[T] with matrix A = 1% ■ Then for 7 ^ Q = G{A*), 
C(7) = ®i =1 M c (r, k), and corad(A) S k[Q] © ffi- e f /e (®UiM c (r, &))• 

Proof. Let x and y be the liftings of v\ and v 2 to A. Then yx — q n xy where 
q = x(<?) is a primitive rth root of unity and x r = g r — 1, y r = g nr — 1. The 
dimension of C (7) for any 7 is r 3 . 

Let 7 g" SI = G(A*). Since C(j) has no grouplike elements, C(*f) must contain 
a matrix coalgebra M = Ai c (s,k) for some integer s > 2. Thus M has a matrix 
coalgebra basis e(i,j), 1 < i,j < s with A(e(i, i)) — e(i, i)®e{i, i)+Zi G C(j)®C(j) 
and e(e(i, i)) = 1. 

The only elements z in the basis W 7 = {w(7x% x^y ), < fc < r — 1} for 
C(7), such that a scalar multiple of z ® z is a summand of Aw for some basis 
element w G W 7 are those of the form z = u>(7X% a; J y' c ) where X J X — e i i- e -j 
2>'i/' c commutes with elements of T. Thus for every i, 1 < I < s, then e(7, /) is a 
linear combination of such elements. If e(l, I) — X)[=o a nX l + w , f° r w a linear 
combination of basis elements from W 7 \ F, then it is clear that exactly one is 
1 and the rest are since terms of the form 7x* ® 7X"' with i 7^ j do not occur 
in A(z) for any z G A* . For u; = w( / jx l : x ^y k ) € W 7 , Am = 7x* <8> w + w <g> 
1X 1 X~^ X~ km + w ' where u/ is a linear combination of terms from W 7 \ T ® W 7 \ T. 
Thus e(Z, Z) = A + X)i=i aiw(X, x nr ~ %m y l ) = A + ^[=i a i z i,\, for some A G 7, where 
Zi.x = w(X, x nr ~ lm y l ) with n the integer such that < nr — im < r — 1. (This also 
shows that the e(i,j), i 7^ j, are linear combinations of elements of W 7 \ T.) Now, 
in the expression for A(A), a nonzero scalar multiple of w(\,x 3 ) ® w{Xx~ 3 , x r ~ J ) 
occurs for all 1 < j < r — 1. Also no such summand occurs in Azj^ for any i and 
so u>(A, a;- 7 ) must be a summand in some e(i,m). But then e(m, m) must contain 
Ax - - 7 - Then, for all 6> G 7, 6* is a summand of some matrix coalgebra basis element 
e(m, m). Thus the dimension of M is at least r 2 . 

Since x 1 is grouplike, the map z — > x lz X~ J from C(7) to C(7) is a coalgebra 
isomorphism. Suppose the r subcoalgebras x*-^X -i of C(t~), i = 0, 1, . . . , r — 1, are 
not all distinct (this will be the case if s > r ) and so x*-^X _l = for some i. 
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Let 9' = {x % \x l Mx 1 = M} C< x >, and let k to be the smallest positive integer 
such that x k € Then 0' =< \ k > and r = kt for some i. 

For 0, A € C(7), denote by E(9,X) the subspace of M spanned by those e(i,j) 
such that Ae(i, j) contains 9® e(i, j) and e{i, j) ® A as summands. By the previous 
discussion, dimi?(0, A) > 1 for all 9,X Gj. Note that dimi?(0, 6*) is a square, since if 
e(i,i),e(j,j) G £(0,0) then e(i,j),e(j,i) G £(0,0). Conversely, if e(z, j) G £(0,0), 
then e(i,i) and e(j',j) lie in £(0,0). Also if dim£(0,0) = Z 2 and dim£(A,A) = 
m 2 then dim£(0, A) = dim£(A, 0) — Im. This is because if e(i, i) G £(0,0) and 
e 0ij) € E(X,X) then e(i,j) G £(0, A) and e(j, i) G £(A,0) and conversely. Note 
that x fc £(0, A)x~ fc = £(0, A) for all 9, X G 7. 

Let £(0, 0) contain a vector i> such that w = ao0+X)i=i Ot^S for #1,0 = w(0, x nr ~ lm y l 
as above, with cij ^ for < i < r—1. Now x k vx~ k = a O0+Si=i X k {9 nr ~ lm 9 m ) a i z i 
where ■% k: {g nr ~ im g %n ) — q kl ( m - n ) . Since V is a quantum linear space, q m +" = l 
and so m + n = pr for some p and m — n = 2m — pr. Thus q kl v m ~ n ) — ((j 2 " 1 )' 1 
and since (2, r) = (to, r) = 1, g 2m is a primitive rth root of unity, and q' = q 2mk is 
a primitive ith root of unity. Thus the t vectors X v%~ 1 < « < i — 1, are lin- 
early independent since the rank of the Vandermonde matrix V(l, q\ q' 2 , ■ ■ . , g'* -1 ) 
is t. So dim £(0,0) > t, and since if i > l,t is not a square by the assump- 
tion that r is square-free, dim£(0, 0) > t. Thus, if all E(9,9) contain such a 
vector v, then dimM = ^ Ae -dim£(0, A) > r 2 t. Since the isomorphic coalge- 
bras M, %Mx _1 , . . . , x fc ~ 1 Afx~' fc_1 ' ) are distinct by our choice of k, dim C(j) > 



r 



tk = r 3 , which is a contradiction. Thus k = r, t = 1, M has dimension r 2 and 
C{1) = ® r j=1 M c (r, k). 

It remains to show that every £(0, 9) contains a vector v of the required form. 

Let e(l,l) G £(0,0) with dim E(9,9) > 1 and suppose a\ = in the expression for 
e(l, I). Since A0 is a summand of Ae(l, I), C,z\ y g ® z r -i,e is a summand of Ae(i, I), 
and C' z i,e is a summand oie(l,j) for some j ^ I, with e(l,j), e(j, j), e(j, Z) £ £(0, 0). 
(Here e tc denote nonzero scalars.) Similarly, a nonzero multiple of zi^ is a 
summand in e(l,l) or in some e{l,j) G E(9,9). Continuing in this way we find a 
vector v in £(0, 0) as required, by taking some linear combination of e(l, I) and the 
e(l,j). ' ' □ 

Remark 3.7. In the setting of Theorem Iff. 61 if r = 2, then q 2nkt = 1 and 
X k e(X, X)x~ k = e(A, A) so that M is invariant under the action of x- D 

Corollary 3.8. For A as in Theorem\3Jh I = {h(l+g r + . . . + g r V-V)x i yi\h G T, 
I is the order of g r inT, < i, j < r — 1 and i + j > 0} is t/ie Jacobson radical of 
A. 

Proof. Clearly / is a nil ideal in A and has dimension |Sl|(r 2 — 1). But 

dim Jac(A) = \T\r 2 - dim corad(A*) = \T\r 2 - (\Q\ + ^ ~ iH j r 3 ) = |ft|(r 2 -l). 

□ 

Corollary 3.9. Let A be a lifting of B(V)#k[T] where V — 0* =1 fc«i is a quantum 
linear space such that V' — kv\ © kv2 satisfies the conditions in Theorem Iff. 61 and 
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A has lifting matrix A = 


' h 


" 








7 gt>. 






Proof. Let Ni = {h(l+g r 


+ . . . 


+g r 



Then in A* , coradCij) S ® r i=1 M c (r, k) for 



) \ mi n 

>)x 1 l x 2 



\h G r, I is the order of g r , 



< rrii < r% — 1 and m\ + m 2 > 0} and let N2 — {hx^x™ 



\h g r,o < 



rrii < rj — 1, TO3+. . .+m t > 0}. Since Ni and A^ are nil ideals of A, then Jac(A) has 
dimension at least |Sl|(r 2 — l)r 3 . . . r t + \T\r 2 (r3 . . . r t — 1) — |f2|(r 2 — l)(r 3 . . . r t — 1) = 
|r|r 2 (r 3 . . .r t -l) + \n\{r 2 -l). Thus dim corad(A* ) < \T\r 2 r 3 . . . r t - \T\r 2 (r 3 ...r t - 
1)- |Sl|(r 2 — 1) = (|r| - \n\)r 2 + \n\. Now, as in the proof of Corollary [331 let I be 
the Hopf ideal of A generated by the skew-primitives x 3 , . . . , x t . Then Ax = A/I is 
isomorphic to the lifting of B(kv\ kV2)jf z k\T] with matrix A — I2 and so A\ C A* 
has coradical isomorphic to k[d] (©iT— -i-M^r, k)) by Theorem 13.61 But 



the dimension of this space is + ( — — ^)r 3 



- e f/e(®LiM c (r,k)) by Theorem 

\n\ + (\r\-\n\)r 2 . 



'76i7 



□ 



In the next section we do some detailed computations of bases for matrix coalgebras 
in the duals of some liftings of quantum linear spaces. 



4. Examples 

4.1. Duals with grouplikes of order 3. The two examples in this subsection 
illustrate Theorem 13. 6[ i.e. they are duals of liftings of quantum linear spaces with 
matrix A = I2 ■ 

Remark 4.1. In the setting of Theorem 13.61 in order to choose e(i, i) in a matrix 
coalgebra basis, each summand aw of e{i,i) must be one such that aw ® aw can 
occur as a summand in A(/3u>') where w, w' lie in a basis W for A* . This was noted 
in the proof of Theorem 13.61 

Suppose vi G V* and v 2 G V g x 1 so that in £(7), e(l,l) = YhZo a i w (li ( x y) 1 )- 
Then ao = 1. Clearly a 2 = a 2 , an = a 2 ., etc. If r — 3, then a 2 — a\ and n 2 a\ = a\ 
where r\ = j(g 3 — 1). Then n 2 ai = af so a 3 = rj 2 and a\ = qrj 2 / 3 where q 3 = 1. 
Similar computations can be done for other values of r. For instance, if r = 5, 
then a 2 — a 2 , 04 = a 2 ,ri 2 a 3 = a 2 ,r] 2 ai = a 2 where here r\ = 7(y 5 — 1). Then 
rfa\ = rj 4 a 3 = a\ = a| = a} 6 and thus a\ 5 = rj 6 so if a% = qtf/ 15 = arj 2 ^ where 
q 5 = 1 then a t — <f r? 2 '/ 5 . □ 

Example 4.2. For T finite abelian as usual, let V = kv\ © kv 2 with v\ G V*, v 2 G 
V* 1 where x 3 = e and y 3 7^ 1. Let A be the nontrivial lifting of B(V)#A;[r] with 
matrix A = 12- Denote by x, y the liftings of the to ^4 and write q = x(y), a 

primitive cube root of unity. Then yx = qxy, x 3 = y 3 = g — 1. By Proposition 
13.21 ^4* contains a subHopf algebra of dimension 27 isomorphic to B(W)#k[0] and 
this subHopf algebra is denoted C(T). We compute the matrix coalgebras that 
constitute 7C(1) for 7 ^ f2. We work with the fc-basis ttf(A, z) where A G f and 
z G Z = {1, x, y, x 2 , y 2 , xy, x 2 y, xy 2 , (xy) 2 }. 

Then a fc-basis for C(j) is iu(7x*, z) for < i < 2 and zfZas above. As in the 
proof of Theorem 13. 6[ since the only elements of Z that commute with elements 
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of r are l,xy and (xy) 2 , then any candidate for a matrix coalgebra basis element 
e(i, i) containing 7 as a summand must be a linear combination of 7, 10(7, xy) and 
10(7, (xy) 2 ). Let ry = j(g 3 — 1) 7^ 0. Supplying extra detail in this first example, we 
note that 

A (7) = 7 ® 7 + »7[to(7, ® ui(7x 2 , a; 2 ) + ^(7, x 2 ) <8> w(jx> x) 
+ w(7,y) w(-yx,y 2 ) + w(~f,y 2 ) w(7X 2 >y)] + V 2 [qw(-f,xy 2 ) ® w(7x,x 2 y) 
+ (?w(7, a; 2 ?/) ® w(7X 2 , xy 2 ) + 10(7, scy) ® 10(7, (xy) 2 ) + 10(7, (xy) 2 ) <g> 10(7, xy)]; 

A(w(7, xy)) = 7 ® 10(7, xy) + 10(7, x) ® u>(7x 2 , y) + ^10(7, y) ® ^(7%, x) 
+ J? [to (7, x 2 ) (g) io(7X) ^ 2 2/) + <7 2 w(7, y 2 ) ® W (7X 2 , ^y 2 ) + K7> ^y 2 ) ® w(7X, y 2 ) 
+ q 2 w('j, x 2 y) ® w(7% 2 , x 2 )] + ifwlj, {xy) 2 ) ® 10(7, (xy) 2 ) + 10(7, xy) ® 7; 

A(iu(7, (xy) 2 ) = 7 (g) ^(7, (xy) 2 ) + 10(7, xy) ® 10(7, xy) + qw(j, y) <g> iu(7X, x 2 y) 
+ qw(j, xy 2 ) ® io(7X 5 x) + q 2 w('f, x 2 ) ® 10(7X1 y 2 ) + q w(-y, x) ® io(7X 2 , xy 2 ) 
+ w (7, y 2 ) ® w(7x 2 , x 2 ) + <? 2 w(7, x 2 y) w(7x 2 , y) + 10(7, (xy) 2 ) <g> 7. 

Now define e(l, 1) = 7 + rf , ' 3 w('y,xy) + ?7 4 / 3 u>(7, (xy) 2 ) as suggested by Remark 
Ol By the computations above, A(e(l, 1) = e(l, 1) <8> e(l, 1) + e(l, 2) ® e(2, 1) + 
e(l, 3) (g> e(3, 1), where 

e (M) = ?7 1/3 w(7,x) +-q 2/3 w(j,y 2 ) + q 2 r]w(j,x 2 y); 

e(2,l) = ?7 2 / 3 w;(7x 2 ,x 2 ) +?7 1 / 3 u;(7x 2 ,y) +q 2 ?/u'(7X 2 ,a;y 2 ); 

e(l,3) = x 2 e(2,l)x 2 = W 2/3 w(7,x 2 )+<? 2 7 ? 1/3 w(7,y)+'? 2 ^(7^y 2 ); 

e(3,i) = x 2e ( 1 , 2 )x 2 = q 2 v 1/3w (ix,x) + qv 2/3w (ix,y 2 ) + q 2 v w (jx,x 2 y)- 

Now we compute A(e(3, 1)) and define e(3, 3) = 7X+ ( Z T ? 2 ^ 3w (7X> a;y)+g 2 77 4 / 3 w(7x, (xy) 2 ) = 
X e(l, l)x 2 - Similarly we have 

e(2,2) = xe(l,l)x = 7X 2 +<? 2 '7 2/3 w(7X 2 ^y)+W 4/3 u'(7X 2 ,(a;y) 2 ); 
e(2,3) = xe(l,2)x = q?7 1/3 u;(7X 2 ,a;) +<7 2 ry 2/3 u;(7X 2 ,y 2 ) +q 2 ?7w(7x 2 ,x 2 y); 
e(3,2) = xe(2,l)x = q 2 ?/ 2/3 u)(7x,x 2 ) +gry 1/3 w(7x,y) +<7 2 ?7w(7X,xy 2 ). 

Straightforward computation then shows that these elements satisfy the conditions 
to be a basis for a 3 x 3 matrix coalgebra and that by the proof of Theorem 13.61 or 
by easy computation, this matrix coalgebra is not invariant under the inner action 
of x- Thus the other two matrix coalgebras constituting C(jj) may be obtained by 
using this action and C(j) = ©? =1 .M C (3, k). □ 

Example 4.3. This example is similar to Example 14.21 but m = 1 and n = —1, 
i.e. V = kvi © kv2 with v\ € V* and v 2 € where x 3 = e an d S 3 7^ 1- 

Otherwise A, A, x, y, q are as defined in Example l4.2l Again we compute the matrix 
coalgebras that constitute C(j) for 7 ^ = G(A*). This time, we work with the 
fc-basis for A given by hz, h S IX z £ Z = {1, x, y, x 2 , y 2 , xy, x 2 y, xy 2 , x 2 y 2 } so A* 
has basis w(7x fe , x*y J ), < fc,i,j < 2. Here the elements of Z that commute with 
grouplikes are h,hxy 2 or hx 2 y,h e I, so that we guess that e(l, 1) has the form 
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7 + aw('y,x 2 y) + 610(7, xy 2 ). Straightforward computation yields that a 3 = b 3 
(rjq) 3 = rf . We choose a = b = r/q, and then find that 



e(l, 1) = 7 + r)qw(j,x 2 y) + f]qw(-f, xy 2 ); 

e ( 2 >2) = ix 2 + vq 2 w(jx 2 ,x 2 y) + vw(jx 2 ,xy 2 ) = xe(i,i)x; 

e(3,3) = jx + T]w(-fx,x 2 y) + i]q 2w (lX,xy 2 ) = x 2 e(l,l)x 2 ; 

e(l,2) = j]tv('y,x) + r]q w('y,y)+r) w(j,x y ); 

e(3, 1) = i]q 2 w(jx,x) +Vw(jX,y) + V 2 w(lX,x 2 y 2 ) = X 2 e(l,2)x 2 ; 

e(2,3) = ?7 _1 gw(7x 2 ,a;) +?7 _1 (7u;(7X 2 ,y) + w(7x 2 ,a; 2 y 2 ) = ?7 _2 xe(l,2)x; 

e(2, 1) = w(7x 2 ,x 2 ) +qw(7X 2 ,?/ 2 ) +gw(7X 2 ,a:y); 

e(l,3) = (7711(7, a; 2 ) + w(j,y 2 ) +qw(-f,xy) = x 2 e(2,l)x 2 ; 

e(3,2) = q 2 -q 2 w('yx,x 2 ) + v 2 q 2 w(ix,y 2 ) + v 2 qw(ix,xy) = ?7 2 xe(2, i)x; 



form a matrix coalgebra basis for a matrix coalgebra £" = x^X = X 2 Ex 2 ■ Then 
C(7) = E®E X (BE X 2 = 8| =1 M c (3,fe). 1 □ 



4.2. Duals of pointed Hopf algebras of dimension 16. Now we describe the 
duals of all pointed Hopf algebras of dimension 16 which are not group algebras or 
their duals. In fact, this means that the duals of all Hopf algebras of dimension 
16 with coradical a Hopf algebra are known, since the nonpointed Hopf algebras of 
dimension 16 with coradical a proper subHopf algebra were computed in [12] and 
found to be self-dual. In [11], all pointed Hopf algebras of dimension 16 over an 
algebraically closed field k of characteristic were computed, up to isomorphism. 
The classification of semisimple Hopf algebras of dimension 16 is done in [20] , 

By [TT], there are 43 different isomorphism classes of pointed Hopf algebras: 14 
for the group algebras and 29 for Hopf algebras with group of grouplikes of order 
2, 4 or 8. Of these 29 Hopf algebras, 21 are of the form B(V)#k[T] where V is a 
quantum linear space and 8 are nontrivial liftings of such B(V)#k\T]. First we list 
the Radford biproducts and their duals. We use the following notation. 

If r is cyclic, then its generator is denoted by c and T has generator c*. If T is 
the product of 2 cyclic groups then we denote their generators by c of order n and 
d of order m where n > m and c* , d* are the elements of T which map c to a 
primitive nth root of unity and rf to 1, rf to a primitive mth root of unity and c to 
1, respectively. If T is the product of 3 cyclic groups, we denote the generators by 
c, rf, e and the generators of T by c*, rf*, e* with the same conventions. 

We describe the space V = V kvj with Vj € V^/ by pairs (gj,Xj), one pair for 
each Vj. A list of the Hi = B(Vi)#k{Ti] and their duals is given by the table below. 
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Hi 




Vi 


Dual of iJi 


Hi 


C 8 


(c,c* 4 ) 


H 2 


H 2 


c 8 


(c 4 ,c*) 


Hi 


H a 


c 8 


(c 2 ,c* 2 ) 


self-dual 


Hi 


C 8 


(c 6 ,c* 2 )^(c 2 ,c* 6 ) 


self-dual 


"5 


C\ v H n 
04 x 02 


[C, C ) 


-"6 


H„ 
fl 6 


04 x 02 


(r 2 r*\ 
(C ,C ) 


-"5 


W~ 

"7 


p, v pl, 

04 x 02 


\ K CCL : (1 J 


-"8 


H 8 


C 4 x C 2 


(d,c*d*) S (c 2 d,c*) 


H 7 


H 9 


C 4 x C 2 


(d, d*) 


self-dual 




c\ v r'o v p^ 

L'2 X O2 X L>2 


(C, C J 


seii-Quai 


H u 


c 4 


(c,c*) 


self-dual 


H\2 


c 4 


(c,c* 3 ) ~ (c 3 ,c*) 


self-dual 


H\3 


C/i 

^4 


(c 2 c*Vc 2 c*} 


H14. 


H14 


c 4 


(c,c*2)(c,c*2) 


H13 


H 15 




(c 2 , c*)(c 2 , c* 3 ) 


Hie 


H\Q 


c A 


(c, c* 2 )(c 3 ,c* 2 ) 


H15 


Hn 


C 2 x C 2 


(c, c*)(c, c*) 


self-dual 


His 


C 2 x C 2 


(c, c*)(d,d*) 


self-dual 


Hig 


C 2 x C 2 


(c, c*)(c, c*d*) 


H20 


H20 


C 2 x C 2 


(c,c*)(cd,c*) or (c,c*d*)(d,c*d*) 


Hig 


H21 


c 2 


( C ,c*)(c,c*)( C ,c*) 


self-dual 



Note that for some classes, such as H4 and Hg,, we show two choices for gi and Xi- 
To see that the choices for Hs are isomorphic, use the automorphism <fr of T given 
by </>(c) — c, 4>(d) = c 2 d. The choice g% = d,xs = c*d* is natural from Corollary 
12.31 the choice g$ = c 2 d, xs = c* is mentioned because it corresponds to the listing 
of the classes in To confirm the isomorphism for Hi, use the automorphism 
of T given by <j>(c) = c 3 . As noted in [11], H w = T ® k[C 2 x C 2 ] where T is the 
4-dimcnsional Sweedler Hopf algebra and so it is obvious that H w is self-dual. 

Now we compute some duals before summarizing information on the structure of 
the duals of the nontrivial liftings. Although Theorem 13 . 61 does not apply here since 
r is not an odd integer, the approach is similar. 

Example 4.4. Let A be the lifting of Hi 4 with matrix A = I 2 , i.e. A is the 
Hopf algebra H3 of [H Section 2] or the Hopf algebra -ffi(l) from pTJ Section 3]. 
Thus r = C4 =< c >, r =< c* > and V = V° — kx fcy with xy — —yx and 
x 2 = y 2 = c 2 — 1. We describe the dual A*. In this case, ft — {l,c* 2 }. Then A* 
contains an 8-dimensional Hopf subalgebra C(l) isomorphic to B(W)#k[tt] where 
W = kw 8 fcz = VK c c , 2 . By Lemma O as an algebra, A* = B(W)#fe[f]. We study 
the 8-dimensional coalgebra C(c*) = C(c* 3 ) by finding a matrix subcoalgebra in 
C(c*) explicitly. Note that c*(c 2 — 1) = —2, let i be a primitive 4th root of 1 and 
let E — ®x<ij<2ke(i,j) with 
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e(l, 1) = c* — 2iw{c* , xy); 

e(l,2) = iu(c*,a;) - iw(c*,y); 

e(2,l) = -2Mc^s)+«£;(c* 3 ,y)]; 

e(2,2) = c* 3 + 2iw(c* 3 ,xy). 

Then checking that {e(l, 1), e(l, 2), e(2, 1), e(2, 2)} is a matrix coalgebra basis is 
a straightforward computation. As noted in Remark 13. 71 we have c* 2 Ec* 2 = E. 
But E 7^ F = c* 2 E = Ec* 2 = A4 c (2,/c). Here F has matrix coalgebra basis 
< »,j < 2} = {e(i, j)c* 2 |l < i,j < 2} = {c* 3 - 2™(c* 3 , xy), w(c* 3 , x) - 
iw(c* 3 ,y), -2[w(c*,x) + iw(c*,y)],c* + 2iw(c*,xy)}. Thus A* has coradical isomor- 
phic to k[C 2 ] @ 2 =l M c {2,k). 

Now let B be the lifting of Hiq with matrix A = I2 and note that as algebras 
A — B, i.e. both are generated by C4, x and y with the same commutation relations. 
Thus as coalgebras, their duals are isomorphic, i.e., B* has coradical isomorphic to 
fcfCy ©f = i M c (2, k) and E and -F are the same as in A* . The algebra structure of 
B* is determined in Lemma 1331 □ 



It remains to describe the dual of the lifting of H20 with nondiagonal matrix A. 
Note that this Hopf algebra A is the Hopf algebra discussed in Example 1 2. 8 1 i.e. the 
Drinfel'd double of the Sweedler 4-dimensional Hopf algebra. It is the first lifting 

we have considered with a nondiagonal matrix A = -[ q • 

Example 4.5. Let A be as above. Then A is generated by k[T] where T =< 
c > X < d >= C2 x C2, the (1, c)-primitive x and the (1, cG?)-primitive y. Also 
hx = c*(h)xh and hy = c*(h)yh for all h e T where c*(c) = d*(d) = —1 and 
c*(d) = d*{c) = +1. In A, x 2 = y 2 = 0, and xy + yx = d- 1. 

Then = {l,c*} is the group of grouplikes of A* and A* contains a subHopf 
algebra C(l) of dimension 8 isomorphic to B(W)^k[H,} where W — kw\(Bkw2 with 
wi = w(c*,x) and w 2 = w(c*,y). Then wi € W£* , W2 G W c c . d and w\ = = 0. 

Note that the standard /c-basis we have been using for A is {g, gx, gy, gxy\g € T} but 
the set {g, g(x+y),g(x—y),g(x+y)(x~y)\g S T} is also a basis. Let x' = x+y,y' = 
x — y. Then the set {^(7, 1) = 7, 10(7, x'),w(j, y'),w(j, x'y')\j S T} is a /c-basis for 
A* where 10(7, z)(hz) = j(h) and 1^(7, z) is zero on all other basis elements as usual. 
Note that 2u>(7, x') = 10(7, x) + 711(7, y) and also that iu(c*, x'), w(c* ,y') are (e, c*)- 
primitivc. Thus C{d ) has fc-basis {w(d*j, z)\^f € {l,c*},z G {1, x', y', a;'y'}}. 
Note that x' 2 = — y' 2 = xy + yx = d — 1. Also x'y' = yx — xy = —y'x'. Then 
(x'y') 2 = x'(-x'y')y' = (d-l) 2 . The set 

e(l,l) = d* + 2w(d*,x'y'); 

e(l,2) = V2w(d*,a;') + V2w(d*,y') 

e(2,l) = -\/2w(c*d*,a;') + \/2w(c*d*,y'); 

e(2, 2) = c*d* — 2w(c*d*, x'y') 
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is a matrix coalgebra basis for a matrix coalgebra E. A sample computation is: 

Ae(l,l) = Ad* + 2Aw(d*,x'y') 

= [d* ®d* + (-2)w(d*,x')®w(c*d*,x') + (2)w(d*,y')®w(c*d*,y') 

+ Aw(d* , x'y') ®w(d*, x'y')} + 2[d* $ w(d* , x'y') + w(d* , x'y' ) ® d* 

+ w(d*,x') ® w(c*d*,y') - w(d*,y') ® tu(c*d*.x')] 

= d* ® [d* + 2u;(d*, sbY)] + 2w(tf,attf) ® [d* + 2w(d*, x'y')] 

+ V2w(d*, x') ® [-%/2w(c*d*, a;') + V2u)(c*d*, y')] 

+ >/2u>(d*,y') ® [V2w(e*d*,y') - V2w(c*d*,x')} 

= e(l,l)® e(l,l) + e(l,2)<g>e(2,l). 

Note that the first multiplication formula in Lemma l3.1f ii) does not apply to prod- 
ucts such as c**w(d* , x') because x' is not the product of skew-primitives. However, 
the formulas do apply to products such as c**w(d*, x'y') since A (x'y') = A(yx—xy) 
contains a term d® x'y'. Thus we see that c*e(l, l)c* = e(l, 1) and so c*Ec* = E. 
Or we could recall the fact that c*Ec* — E from Remark [3?7l 

Also c*E = Ec* = F ^ E is a matrix coalgebra with matrix coalgebra basis 
f(i,j) = e(i,j)c*. 

Thus we have shown that as a coalgebra A* = C(l)®C(d*) where C(d*) is the direct 
sum of two 4-dimensional matrix coalgebras, so that corad (A*) = fe[Cy © C(d ). 
As an algebra, ^4* is generated by r,u>i = ui(c*,x) and w 2 = w(c* , y) where for 
7 € T, 7^1 = 7(c)wi7 and 7^2 = 7(cd)u> 2 7; W1W2 = -W2W1; w\ = w\ = 0. 
Alternatively, as an algebra A* is generated by T and = iu(c*, x'), w 2 — w(c* ,y') 
but 7(fcw,^)7~ 1 7^ fcu^. D 

Now we list the duals of the 8 classes of pointed Hopf algebras of dimension 16 
which are nontrivial liftings. In the table below, A4 is the nontrivial lifting of the 

Hopf algebra Hi with matrix Ai , where D = 



Ai 


G(Ai) 


Vi 




A* 


corad(A*) 


At 


C s 


(c,c* 4 ) 


h 


Th. 


fc[c 2 ] © ©.Li-^ C (2^) 


A 5 


d x C 2 


(c,c* 2 ) 


h 


Th. mi 


k[C 2 x C 2 ] © ffi 2 = i-M c (2, k) 


A 7 


C 4 x C 2 


(ed, d*) 


h 


Th. 1331 


k[C 2 x C 2 ] © ® 2 l=1 M c (2, k) 


A u ,i 


Ci 


(c,c* 2 ),(c, C * 2 ) 


D 


CorEH 


k[C 2 ] © M c (2 7 k) 


j4l4,2 


Ci 


(c,c* 2 ),(c, C * 2 ) 


h 


Ex. Ol 


k[C 2 }®®* =1 M c (2,k) 


Ai 6 ,i 


c 4 


(c,c* 2 ),( C 3 ,c* 2 ) 


D 


Corl531 


k[C 2 ]®M c (2,k) 


Aie,2 


c 4 


(c, C * 2 ),(c 3 ,c* 2 ) 


h 


Ex. SU 


k[C 2 }(B(B* =1 M c (2,k) 


A 20 


C 2 x C 2 


(c,c*),(cd,c*) 


E 


Ex. 1431 


k[C 2 ](B®2 =1 M c (2,k) 



and E 



1 

1 
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4.3. Duals of an infinite family of dimension 32. Liftings of quantum linear 
spaces have provided many counterexamples to Kaplansky's 10th conjecture (see 
[5], P~7])- The examples of smallest dimension are families of Hopf algebras 
of dimension 32 with coradical A;[r] where F is an abelian group of order 8 (see 
[8], [19] )■ We compute the duals for the family in [8]. Let L =< c >= Cs and 
L =< c* > as usual with c*(c) = q, a primitive 8th root of 1. Let V = kv\®kv2 with 

v x e Vf\v 2 E V$ A and let A(X) be the lifting of B(V)#k[T] with matrix 1 * . 

Then A(X) ^ A(X') unless A' = ±A by [S], so that the A(X) give an infinite family of 
nonisomorphic Hopf algebras of dimension 32. Since the original submission of this 
note, a paper by Etingof and Gelaki has appeared where it is shown that this family 
contains infinitely many twist equivalence classes [15j Corollary 4.3] , providing a 
counterexample to a conjecture of Masuoka [25]. Actually Etingof and Gelaki are 
studying triangular Hopf algebras A(G, V, u, B) in the notation of [TS] (see also [2] 
and [TB]) and the A(X) are duals of such Hopf algebras. Here, we compute the 
coradical of the dual of A(X) using the same type of straightforward computations 
as in the previous examples. 

Example 4.6. For A = A(X) as above, let x,y be the liftings of v\ and V2- Then 
x 2 = y 2 = c 2 - 1 and xy + yx = A(c 6 - 1). Then = G(A*) = {e, c* 4 }, and A* 
contains a subHopf algebra C(T) of dimension 8 isomorphic to B(W)#k[fi] where 
W = kwi © kw2, wi — w(c* 4 ,x) and W2 — w{c* 4 1 y). We determine the coalgebra 
structure of C(j), 7 ^ fi. 

As in Example 14.51 we use a different fc-basis for A. Let x' — x + y,y' — x — y 
and then A has A:-basis hz where h S T,z E Z = {l,x\y',x'y'}. Then x' 2 = 
2(c 2 - 1) + A(c 6 - 1), y' 2 = 2(c 2 - 1) - A(c 6 - 1) and x'y' = yx - xy = -y'x'. We 
use the corresponding basis {10(7,2)17 er,z£ Z} for A*. Let 7 ^ and denote 
a = 7 (2(c 2 - 1) + A(c 6 - 1)), = 7 (2(c 2 - 1) - A(c 6 - 1)). 

Case i). Suppose first that a ^ and (3 ^ 0. Then E = <S)i<i.j<2ke(i, j) = M c (2, k) 
where 

e(l, 1) = j + iy/a^/Pw('y,x'y'); 
e (M) = -V«w(7,a;') +iv / /M7,Z/'); 
e(2,l) = -V«w(7c* 4 ,a;') - iy/]3w(^c* 4 ,y'); 
e(2,2) = 7c* 4 - V^V/M7C*VV). 

(Here i 2 = -1.) Note that E ^ Ec* 4 so E ^ F = Ec* 4 S 7W C (2, fc) also and 
C(t3 = M c (2 1 k)(SM c (2 1 k). 

Case ii). One of a, /3 is and the other is nonzero. Suppose that a ^ but = 0. 
Then let E — ®\<i.j<2ke{i, j) where 

e(l,l)=7 ; e(l,2) = -^/aw(j,x); 
e(2, 1) = -V^ W (7C* V) ; e(2,2) = 7 c* 4 ; 

and it is easy to check that E = M c {2, k). Here E = c* 4 E = Ec* 4 . By the same 
argument as in the proof of Theorem l3.6[ any matrix coalgebra basis element e(i, i) 
must be of the form 7 + (i°(7) x 'v')- But Q' w {li x 'y') ® w (7i ^'y') does not occur in 
Aw for any basis element w and so Cff) contains only one matrix coalgebra. It is 
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easy to see that C(7) has coradical filtration of length 1, i.e. C(-f) = C{^)\. The 
argument for the case a — 0, ^ is the same. 

Case iii). The case a — (i = cannot occur since then 7(c) 2 = 1 so that 7 € 
{e,c* 4 } = ft. 

Now suppose 7 = c*. Then a = c*(c 2 - l)c* (2 + A(c 4 + c 2 + 1)) = (q 2 - 1)(2 + q 2 X) 
since g 4 = — 1. So a = if and only if 2 + q 2 X = 0. Similarly [3 = if and 
only if 2 - q 2 X = 0. If 7 = c* 3 then a = if and only if 2 + q 6 X = and 
/? = if and only if 2 - <7 6 A = 0. Thus if q 2 X = ±2, then C(c^) and C(c* 3 ) 
each have coradical isomorphic to A4 C (2, k). Otherwise both C(c*) and C(c* 3 ) are 
cosemisimple, isomorphic to M c (2, k) ffi A4 C (2, k). 

A similar argument shows that for 7 = c* 2 , a = if and only if A = —2 and /3 = 
if and only if A = 2. Thus C(c* 2 ) is cosemisimple unless A = ±2 and then it has 
coradical isomorphic to Ai c (2, k). 

We summarize in the following table: 



A 


corad{A{X)*) 


±2<z 2 
±2 

k - {±2<7 2 ,±2} 


k[C 2 ]®®t-iM c (2,k) 
fc[C 2 ]ffiffif_ 1 7W c (2,fc) 
k[C 2 ]®® b i - 1 M c {2,k) 



Note that in the last row, A may be 0, and then the result follows from a simpler 
argument with a — (3. □ 

Acknowledgement: Many thanks to N. Andruskiewitsch for pointing out more 
general statements for Theorem 2.2 and Theorem 2.5, and for his many insightful 
comments, especially on the material in Section 2. Also thanks to S. Dascalescu 
and S. Westreich for comments on the original version of Theorem 2.2. 
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